Answer. The only such positive integers are a = 2 and b = ¢ = 1.

Solution. For all positive integers n, let (2 + /—3)" = z,, + y,vV/—3, where z,, and y,, are
integers. Then also (2 — v/—3)" = =, — ynv/—3, and so

$12z + 3?/121 = (zn + yn\/__3)($n yn\/_) (2+ \/_) (2- \/_) =T

We will show that, up to sign, z,, and y, are the unique integers such that x, and y, are
relatively prime and z2 + 3y2 = 7".

We proceed by induction on n. The base case n = 1 is clear. For the induction step, suppose
that we have already established uniqueness for n, and that z? 4+ 3y? = 7! with = and y
relatively prime. Then

(x —2y)(x+2y) =2® —4y* =2+ 3y* =0 (mod 7).

Without loss of generality, 7 divides  — 2y. (Otherwise, if 7 divides = + 2y, we replace y
with —y.) Set u = (2 + 3y)/7 and v = (—z + 2y)/7. Then u and v are integers; = + y/—3 =
(2 + vV=3)(u + vv/=3); u and v are relatively prime; and u? + 3v?> = 7. By the induction
hypothesis, u = +z,, and v = +y,, and the rest is straightforward.

"To solve the problem, we must find all n such that n divides y,,, and furthermore n and y,,/n
are relatively prime. We proceed to show that the only such n is n = 1.

Let p be any prime such that p divides y,, for some n. We define the order of p to be the
least positive integer d such that p divides y4. We will show that p divides y,, if and only if d
divides n.

To this end, observe that the sequence y1, ys, .. . satisfies the second-order homogeneous linear
recurrence relation y, = 4y, _1 — 7y,_2. Consequently, modulo p this sequence is congruent to

Y1, Y2, ceey Yd—1, 07 - 7y1yd717 - 73/23/11717 SRR - 7y(21717 07
72y1y¢21717 72?/2?/(21717 (RS 72?/3717 07 - 73?/13/3717 - 733/23/3717

The claim follows.

We proceed to show that, when p > 5, the order d of p divides either p — 1 or p+ 1. To this

end, it suffices to show that p divides either y,_1 or yp+1. We work modulo p.
By expanding (2 + v/—3)" we get that, for all n,

n—1
==
n
n = 2n7(2k+1) —3 kl'
=2 <2k + 1) (=3)
k=0
Let r be the unique remainder modulo p such that p divides 4r + 3. By Fermat’s little
theorem, p divides r?~! — 1 = (rﬂi—l — 1)(7”15_1 +1).

Suppose first that p divides 7= — 1. We will show that in this case p divides yp_1.
Since, for all £ =0,1,...,p—1,

-1\ -1 1-2 (p—1)
< ¢ )‘mp—l—e)!:1~2~~~~~f-<—[E+1]>-(—[f+2]>-----<—[p—1]>
= (1)~ = (-1,

we obtain

p—3

2
- p (p—1)—(2k+1) op—2 k_ _op—2. rT -1
= 2(P— 3)k - =0
Yp-1 kz<2k+1> (- Z r—1 ’



as needed. (Here, 7 #Z 1 mod p because that would imply p = 7, whereas 7 does not divide y,
for any n.)

Otherwise, suppose that p divides 727 4+ 1. We will show that in this case p divides ypy1.
Since, for all £ =2,3,...,p—1,

<p+1) _ (p+1)! o,

l a Op+1-20)!
we obtain
p—1
2
P+ 1N\ pr1)—(2k+1) k_ p+1\ o, (PF+1\ =2 _ 21 _

= 217 —3 :217 :212 1 :0

Yp+1 ;;)(219—1-1) (—3) N L » rz (r= +1)=0,
as needed.

Suppose that n > 2 and n divides y,,. We will show that either 2 or 3 divides n.

To this end, let p be the least prime factor of n and suppose, for the sake of contradiction,
that p > 5. Let d be the order of p. Since p divides n and n divides y,, we obtain that p
divides y,. Consequently, d divides n. However, d also divides at least one of p — 1 and p + 1.
Therefore, all prime factors of d are smaller than p. Since d > 2 and d divides n, we arrive at a
contradiction.

To complete the solution, we introduce the following lemma.

Lemma. Let k and ¢ be arbitrary positive integers. Then y;, divides yxs and ged (yk, Yre/yr) =

ged(yr, 0).
Proof. Setting o =2+ /=3 and 3 = 2 — y/—3, we obtain

okt _ gt B ok — gk
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-1 -1
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When we expand the above sum for yr¢/yk, all terms that contain v/—3 to an odd power
cancel out and all of the remaining terms that contain y; are congruent to zero modulo y.
Gathering together the remaining terms, we arrive at

-1
Ykt — Z x;cnx,(fil)im =(-z;' (mod yp).
Yk =

Since xj and yi are relatively prime for all k, this completes the proof. [J

The order of 2 is 2. Then, from y, = 22 and the Lemma, by induction on v,(n) we obtain
that v2(y,) = v2(n) + 1 for all even n. Similarly, the order of 3 is 3. Then, from y3 = 32 and the
Lemma, by induction on v3(n) we obtain that v3(y,) = v3(n) + 1 for all n such that 3 divides n.

Suppose that n > 2 and n divides y,,. Then, as we established already, either 2 or 3 divides
n. However, again as we established already, in the former case both n and y,/n are multiples
of 2, and in the latter case both n and y,/n are multiples of 3. Therefore, n and y,,/n are not
relatively prime.

This completes the solution.



